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Abstract
The near-horizon limit of the extremal (weakly) isolated horizon is obtained under the Bondi-
like coordinates. For the vacuum case, explicit coordinate transformation relating the near-horizon
metric under the Bondi-like coordinates and the standard Poincare´-type or global near-horizon
metric of the extremal Kerr black hole is found, which shows that the two geometries are the same.
Combined with the known thermodynamics of the (weakly) isolated horizon, it is argued that the
Kerr/CFT correspondence can be generalized to the case of a large class of non-stationary extremal
black holes.
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I. INTRODUCTION
The microscopic origin of the Bekenstein-Hawking entropy of various black holes is al-
ways an interesting problem in theoretical physics. As should eventually be given by mi-
crostate counting in quantum statistics, this entropy provides important information from
the quantum theory of gravity. In fact, since the first successful microstate counting of the
five-dimensional extremal black holes by Strominger and Vafa [1] and the four-dimensional
extremal black holes by Maldacena and Strominger [2] in the context of superstring theory,
it has been shown by Strominger [3] that for the BTZ black hole the correct microstate
counting can be done in a dual two-dimensional CFT without appealing to supersymmetry
or string theory, based on the work by Brown and Henneaux [4].
A recent, essential progress on this subject is the microstate counting of the four-
dimensional extremal Kerr black hole via a dual chiral two-dimensional CFT living on
the boundary of the near-horizon extremal Kerr (NHEK) geometry [5]. This work has
been extended to black holes in diverse dimensions and/or with U(1) gauge symme-
tries in the framework of Einstein-Maxwell(-scalar), supergravity or superstring theory
[6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. Some related developments can be found
in [19, 20]. Furthermore, classification of near-horizon geometries of stationary extremal
black holes, including those with supersymmetries and/or in higher dimensions also has
been carefully studied, with some powerful theorems proved [21, 22].
All the known examples, however, of the so-called Kerr/CFT correspondence are for
stationary Kerr-type black holes, i.e. each of them study black holes in stationary and axial
symmetric spacetime. An interesting question is whether such correspondence is right for
more general black holes, especially for non-stationary black holes. In order to consider
this problem, we need a general definition of the horizon. Weakly isolated horizon (WIH)
is a nice choice [23]. A nice review on the theory of WIH can be found in [24]. WIH is a
generalization of the Killing horizon of black hole. It not only covers almost all known Killing
horizons, including Schwarzschild and Kerr horizons, but also contains many non-stationary
cases [25]. On the other hand, the thermodynamics of WIH has been studied extensively,
with almost all elegant results as in the stationary case obtained [26]. It has also been shown
that Hawking radiation exists near WIH [27]. It is then natural and interesting to provide
a microscopic interpretation for the entropy of WIH, possibly by seeking the generalization
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of the Kerr/CFT correspondence to the (weakly) isolated horizon case, which is the main
purpose of our paper. In fact, we will show that this is really possible for the vacuum,
extremal isolated horizon.
This paper is organized as follows. In Sec. II, we introduce the general definition of the
(weakly) isolated horizon and work out its near-horizon geometry in the extremal case. In
Sec. III, we take its near-horizon limit. For the vacuum, extremal isolated horizon, we obtain
the explicit form of the near-horizon limit and find the explicit coordinate transformation
to the standard Poincare´-type or global near-horizon metric of the extremal Kerr black
hole, which combined with the known thermodynamics of this kind of isolated horizon
validates the microscopic interpretation for the corresponding entropy via a dual chiral two-
dimensional CFT. Finally, we conclude and make some discussions in Sec. IV.
II. EXTREMAL (WEAKLY) ISOLATED HORIZON AND ITS NEAR-HORIZON
GEOMETRY
Based on works by A. Ashtekar and his colleagues [24], the weakly isolated horizon and
isolated horizon are defined as
Definition 1 (weakly isolated horizon)
Let (M, g) be a space-time. H is a 3-dim null hyper-surface in M and la is the tangent
vector filed of the generator of H. H is said to be a weakly isolated horizon (WIH), if
1. H has the topology of S2 ×ℜ,
2. The expansion of the null generator of H is zero, i.e. Θl = 0 on H,
3. Tabv
b is future causal for any future causal vector va and the Einstein equation holds
in a neighborhood of H,
4. [Ll, Da]la = 0 on H, where Da is the induced covariant derivative on H.
Definition 2 (isolated horizon)
Let (M, g) be a space-time. H is a 3-dim null hyper-surface in M and la is the tangent
vector filed of the generator of H. H is said to be an isolated horizon (IH), if
1. H has the topology of S2 ×ℜ,
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2. The expansion of the null generator of H is zero, i.e. Θl = 0 on H,
3. Tabv
b is future causal for any future causal vector va and the Einstein equation holds
in a neighborhood of H,
4. [Ll, Da] = 0 on H, where Da is the induced covariant derivative on H.
So the fourth condition for the latter is stronger.
We need to choose coordinates and tetrad to describe their near-horizon geometry. For
the WIH, a convenient choice is the Bondi-like coordinates. The coordinates are constructed
as follows: The tangent vector of null generator of H is la; Another real null vector field is
na; The foliation of H gives us the natural coordinates (θ, φ); Using a parameter u of la and
Lie dragging (θ, φ) along each generator of H, we have coordinates (u, θ, φ) on H; Choosing
the affine parameter r of na as the forth coordinate, we obtain the Bondi-like coordinates
(u, r, θ, φ) near the horizon1. In these coordinates, we choose the null tetrad as
la =
∂
∂u
+ U
∂
∂r
+X
∂
∂ζ
+ X¯
∂
∂ζ¯
,
na =
∂
∂r
,
ma = ω
∂
∂r
+ ξ3
∂
∂ζ
+ ξ4
∂
∂ζ¯
,
m¯a = ω¯
∂
∂r
+ ξ¯3
∂
∂ζ¯
+ ξ¯4
∂
∂ζ
, (1)
where U = X = ω = 0 on H (following the notation in [24], equalities restricted to H
will be denoted by “=ˆ” hereafter), and (ζ, ζ¯) are complex coordinates on the section of H
(not necessarily e±iφ cot θ
2
). In words of the Newman-Penrose formulism, we also require the
above tetrad satisfy the following gauge:
ν = γ = τ = α + β¯ − π = µ− µ¯ = 0,
ε− ε¯ =ˆ κ =ˆ 0, (2)
which means these tetrad vectors are parallelly transported along na in space-time. Fur-
thermore, the forth requirement in the definition of WIH implies there exists a one form ωa
on H such that Dalb =ˆ ωalb and Llωa =ˆ 0. In terms of the Newman-Penrose formulism,
1 The Bondi-like coordinates here are exactly the so-called Gaussian null coordinates in [21, 22].
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ωa can be expressed as ωa = −(ε + ε¯)na + (α + β¯)m¯a + (α¯ + β)ma. The above equation
means (ε + ε¯) is constant on H. Based on the work of Astekar et. al.[23, 24], we know the
surface gravity of WIH is κt = ωal
a [24], so the extremal condition tells us that ε + ε¯ =ˆ 0.
In general, the inverse metric has the following form:
(gµν) =


0 −1 0 0
−1 2(|ω|2 − U) ω¯ξ3 + ωξ¯4 −X ω¯ξ4 + ωξ¯3 − X¯
0 ω¯ξ3 + ωξ¯4 −X 2ξ3ξ¯4 |ξ3|2 + |ξ4|2
0 ω¯ξ4 + ωξ¯3 − X¯ |ξ3|2 + |ξ4|2 2ξ¯3ξ4

 . (3)
It is easy to see that
√−g = √h if we denote (hAB) := (mAm¯B+m¯AmB)−1 with A,B = θ, φ.
Obviously, hAB is the induced metric on the section of WIH.
In order to control the geometry in the neighborhood of the horizon, we consider the
commutative relations of tetrad (the first Cartan structure equation) [28]. The commutative
relation of la and na is
[n, l] = (γ + γ¯)l + (ε+ ε¯)n− (τ¯ + π)m− (τ + π¯)m¯. (4)
Using the Bondi gauge (2), we get
[n, l] = (ε+ ε¯)n− πm− π¯m¯. (5)
The ∂r component of above equation is
∂U
∂r
= (ε+ ε¯)− π¯ω¯ − πω, (6)
So we know ∂U
∂r
=ˆ (ε+ ε¯). The extremal condition tells us that ∂rU =ˆ 0. The ∂ζ component
of (5) is
∂rX = −πξ3 − π¯ξ¯4. (7)
For non-rotational case, π =ˆ 0, so ∂rX =ˆ 0. In order to get ∂rω|H, we need to consider the
commutative relation of na and ma:
[n,m] = ν¯l − (τ − α¯− β)n− (µ− γ + γ¯)m− λ¯m¯. (8)
Under the Bondi gauge, its ∂r, ∂ζ and ∂ζ¯ components are
∂rω = π¯ − µω − λ¯ω¯ ⇒ ∂rω =ˆ π¯. (9)
∂rξ
3 = −µξ3 − λ¯ξ¯4,
∂rξ
4 = −µξ4 − λ¯ξ¯3.
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The value of ξ3 and ξ4 are always regular (here regular means finite and non-zero).
It turns out that, in order to consider the near-horizon limit, we need the value of ∂2rU
on horizon. From (6), it is easy to get
∂2rU = (∂rε+ ∂rε¯)− (∂rπ¯)ω¯ − π¯∂rω¯ − ∂rπω − π∂rω. (10)
On horizon,
∂2rU =ˆ (∂rε+ ∂rε¯)− π¯∂rω¯ − π∂rω
=ˆ (∂rε+ ∂rε¯)− 2|π|2. (11)
So we need the value of ∂rε on horizon. From N-P equations (the second Cartan structure
equation) [28],
Dγ −D′ε = (τ + π¯)α+ (τ¯ + π)β − (ε+ ε¯)γ − (γ + γ¯)ε+ τπ − νκ +Ψ2 − R
24
+ Φ11. (12)
Under the Bondi gauge, it becomes
− ∂rε = π¯α+ πβ +Ψ2 − R
24
+ Φ11. (13)
so
− ∂rε− ∂rε¯ = (π¯α + πβ +Ψ2 − R
24
+ Φ11) + (πα¯ + π¯β¯ + Ψ¯2 − R
24
+ Φ11)
= 2|π|2 + 2ReΨ2 − R
12
+ 2Φ11. (14)
Now we consider the u-dependence of the near-horizon metric. On WIH, N-P equations
tell us
Dα− δ¯ε = (ρ+ ε¯− ε)α + βσ¯ − β¯ε− κλ− κ¯γ + (ε+ ρ)π + Φ10, (15)
Dβ − δε = (α + π)σ + (ρ¯− ε¯)β − (µ+ γ)κ− (α¯− π¯)ε+Ψ1. (16)
The energy condition of WIH tells us Φ10 =ˆ 0, and the Raychaudhuri equation implies
ρ =ˆ 0, σ =ˆ 0, Ψ0 =ˆ 0, Ψ1 =ˆ 0. (17)
The Bondi gauge and WIH condition then implies
∂uπ =ˆ 0, ∂u(Ψ2 − R
24
) =ˆ 0. (18)
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WIH condition also gives
∂uξ
3 =ˆ 0, ∂uξ
4 =ˆ 0. (19)
We further impose the stability condition LlΦ11 =ˆ 0, which is automatically satisfied in the
vacuum case.
To sum up, we get for WIH
U = −(2|π|2 + Re(Ψ2)− R
24
+ Φ11)r
2 +O(r3),
ω = π¯r +O(r2),
X = −(πξ3 + π¯ξ¯4)r +O(r2). (20)
For the vacuum case, it becomes
U = −(2|π|2 + Re(Ψ2))r2 +O(r3),
ω = π¯r +O(r2),
X = −(πξ3 + π¯ξ¯4)r +O(r2). (21)
The inverse metric has the following form
(gµν) =


0 −1 0 0
−1 f1r2 +O(r3) f2r +O(r2) f¯2r + O(r2)
0 f2r +O(r
2) 2ξ3ξ¯4 |ξ3|2 + |ξ4|2
0 f¯2r +O(r
2) |ξ3|2 + |ξ4|2 2ξ¯3ξ4

 , (22)
where
f1 = 6|π|2 + 2Re(Ψ2)− R
12
+ 2Φ11, f2 = 2(πξ
3 + π¯ξ¯4) (23)
are functions of θ only. So the metric should be
(gµν) =


(hABf
A
2 f
B
2 − f1)r2 +O(r3) −1 hABfB2 r +O(r2)
−1 0 ~0
hABf
A
2 r +O(r
2) ~0 hAB

 , A, B = θ, φ. (24)
In the above calculation, because la and na are all chosen as future pointing, the outside
black hole region corresponds to the region r < 0. This is inconvenient for later use, so we
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introduce a simple coordinate reflection r → −r and re-express the above metric in the new
coordinates as
(gµν) =


(hABf
A
2
fB
2
− f1)r2 +O(r3) −1 −hABfB2 r +O(r2)
−1 0 ~0
−hABfA2 r +O(r2) ~0 hAB

 , A, B = θ, φ. (25)
III. THE NEAR-HORIZON LIMIT OF EXTREMAL ISOLATED HORIZON AND
ITS CFT DUAL
Under the coordinate re-scaling
u =
u˜
λ
, r = λr˜ (26)
and taking the near-horizon limit λ→ 0 [5, 21, 29], the above metric becomes (after omitting
all the tildes in the expression)
ds2 = −f1r2du2 − 2dudr + hˆAB(dζA − fA2 rdu)(dζB − fB2 rdu) (27)
with hˆAB = hAB|H now functions of θ only. This kind of near-horizon metrics have been
obtained in [21, 22] and other papers, but here we achieve this directly from the viewpoint
of extremal isolated horizon, without assuming any symmetry of the whole space-time.
The functions f1, f2 and hˆAB satisfy certain geometric and dynamic constraints (while
having some further gauge freedom), namely
Rmm¯ = 0, Rmm = 0. (28)
These equations can be re-expressed in terms of the inner data (ωa, hˆab) of the horizon as
d̂ivωˆ + ωˆ2 −K = 0,
∇m¯π + 2Γˆπ + π2 = 0, (29)
where “ ˆ” means projecting on the section S2 of the horizon, K is the Gaussian curvature of
S2, and Γˆ the component of connection on S2. These equations have not yet been solved for
the WIH and generic IH [24]. However, for the axi-symmetric, electrovac case of extremal
IH, J. Lewandowski and T. Pawlowski have obtained the unique solution for these functions
under certain stability condition for the electromagnetic field [30], i.e. the functions f1, f2
8
and hˆAB (which are intrinsic data on horizon) are unique for the axi-symmetric, electrovac
case.
Concerning the vacuum case, in which the stability condition for the electromagnetic field
is automatically satisfied, the solution of (29) is [30]
mˆa =
1
2
(P−1∂x + iP∂φ), x = cos θ, (30)
ωˆa = ⋆ˆdV + d lnB (31)
with (taking the horizon area A = 8π throughout our calculation)
P 2 =
1 + cos2 θ
2 sin2 θ
, V = − arctan cos θ, B = (1 + cos2 θ)1/2 (32)
and “⋆ˆ” the Hodge star defined by the 2-metric hˆ. In fact, we have
hˆab = mˆa ˆ¯mb + ˆ¯mamˆb =
1
2
(P−2∂2x + iP
2∂2φ), (33)
so
hˆab = 2(P
2dx2 + P−2dφ2) = 2
(
1 + cos2 θ
2
dθ2 +
2 sin2 θ
1 + cos2 θ
dφ2
)
. (34)
Thus we obtain
ωˆa = − 2 sin
2 θ
(1 + cos2 θ)2
dφ− cos θ sin θ
1 + cos2 θ
dθ (35)
and
π = −i∇m¯V +∇m¯ lnB = i 1
2P
1
1 + cos2 θ
+
1
2P
cos θ
1 + cos2 θ
. (36)
For vacuum IH we have Re(Ψ2) = −K/2 with K the Gaussian curvature of the 2-metric hˆ,
which can be computed from (34) as
K =
2− 6 cos2 θ
(1 + cos2 θ)3
. (37)
Noting in the vacuum case R = 0 = Φ11 in (23), we have
f1 = 6|π|2 + 2ReΨ2 = 1 + 6 cos
2 θ − 3 cos4 θ
(1 + cos2 θ)3
, (38)
hˆABf
A
2
dζB = 2ωˆa = − 4 sin
2 θ
(1 + cos2 θ)2
dφ− 2 cos θ sin θ
1 + cos2 θ
dθ, (39)
so, eventually, the near-horizon limit of vacuum, extremal IH is
ds2 = −1 + 6 cos
2 θ − 3 cos4 θ
(1 + cos2 θ)3
r2du2 − 2dudr + (1 + cos2 θ)(dθ + 2r cos θ sin θ
(1 + cos2 θ)2
du)2
+
4 sin2 θ
1 + cos2 θ
(dφ+
rdu
1 + cos2 θ
)2. (40)
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This can be shown to be the near-horizon limit of the extremal Kerr solution. In fact, under
coordinate transformation
u = t +
1
ρ
, (41)
r =
1 + cos2 θ
2
ρ, (42)
φ = ϕ +
1
2
ln ρ, (43)
the above metric becomes
ds2 = (1 + cos2 θ)(−ρ
2
4
dt2 +
dρ2
ρ2
+ dθ2) +
4 sin2 θ
1 + cos2 θ
(dϕ+
ρ
2
dt)2, (44)
which coincides with the near-horizon limit of the extremal Kerr solution in [29] with the
ADM mass M = 1 consistent with A = 8π in our calculation. Restoring arbitrary M and
taking some trivial coordinate transformations, we obtain exactly the same Poincare´-type
or global metrics of NHEK geometry as those in [5].
Now, according to [5], this NHEK geometry has an asymptotic symmetry group (under
certain boundary conditions) containing diffeomorphisms generated by
ξǫ = ǫ(ϕ)∂ϕ − ρǫ′(ϕ)∂ρ, (45)
which form a Virasoro algebra without central charge under Lie brackets. The conserved
charges associated with these diffeomorphism generators [31] then form a Virasoro algebra,
under Dirac brackets, with a central charge
cL =
12J
~
(46)
with J = M2/G the angular momentum of the extremal Kerr solution.
On the other hand, thermodynamics of general WIH has been extensively studied in the
literature [26]. Ashtekar and Krishnan give a canonical way to choose the time direction ∂tˆ
for general WIH, in order to get meaningful thermodynamics of the WIH, which actually
defines the canonical coordinates tˆ and φˆ coinciding with the Boyer-Lindquist coordinates
in the Kerr case [24]. Based on their results, for axial symmetric WIH, the surface gravity
κtˆ, horizon angular velocity Ωtˆ and horizon mass Mtˆ associated with the canonical time
also coincide with the corresponding quantities in the Kerr case. It has been shown that
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Hawking radiation exists near general WIH [27]. The temperature of this thermal radiation
is T =
κ
tˆ
2π
, so the Boltzmann factor observed by a canonical observer should be
exp(−E −mΩtˆ
T
) , (47)
where E is the particle energy and m the particle angular momentum associated with the
canonical observer. We also introduce coordinates t, φ as
t =
λtˆ
2Mtˆ
, φ = φˆ− Ωtˆtˆ, (48)
which coincide, in the extremal case, with the coordinates t, φ in [5]. Then the particle
energy and angular momentum associated with the new observer are
nR = (2MtˆE −m), nL = m, (49)
so we can reexpress the Boltzmann factor as
exp(−E −mΩtˆ
T
) = exp(−nL
TL
− nR
TR
). (50)
Under the extreme limit J → M2/G, it is easy to get
TL =
1
2π
, TR = 0. (51)
This means that the left modes are then thermally distributed with the temperature 1
2π
.
Upon applying the Cardy formula, the microscopic entropy for the CFT dual to the
vacuum, extremal IH is
SCFT =
π2
3
cLTL =
2πJ
~
, (52)
which is the same as the macroscopic entropy SIH of the vacuum, extremal IH [24].
IV. CONCLUDING REMARKS
In this paper, we show that the entropy of the vacuum, extremal isolated horizon may
have microscopic origin, by working out its near-horizon limit, finding the explicit coordinate
transformation to the standard Poincare´-type or global near-horizon metric of the extremal
Kerr black hole, and using the original Kerr/CFT argument. This supports the generaliza-
tion of the Kerr/CFT correspondence to the extremal isolated horizon/CFT correspondence.
Based on our discussion, the near horizon geometry of IH is fixed by the inner data of the
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horizon, i.e. (hab, ωa). This may tell us that the origin of black hole entropy is only related
with the inner geometry of the horizon and does nothing with how we embed it into the
space-time, at least in the framework of Einstein gravity.
The near-horizon limit that we obtain is for the general weakly isolated horizon, but only
for the special case of the vacuum, extremal isolated horizon exact solution of the intrinsic
data on the horizon is known. It is expected that more general cases can be dealt with,
when there is no explicit solution and more general boundary conditions for the asymptotic
symmetry of the near-horizon geometry have to be found. This is left for future work.
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